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Factor Analysis
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Arnhem, The Netherlands

The performance on atest is usually summarized by a single number, the test score. Thistest scoreisa
composite score, because it is built (by taking a sum) from item scores. In general one might ask
whether it is meaningful to put a number of items together in atest and to let the performance be
represented by a single number. What if the test consists of a mixture of two kinds of items, each kind
measuring a different concept? Is reporting a single score meaningful or should one treat this
composite test as two tests and report two test scores?

A model suitable to detecting if there are more dimensions responsible for the performance on the test
is Factor Anaysis (F.A.). The model originated in psychology, more than a hundred years ago and is
still one of the most applied models in the social sciences. Although not defined originally as such, the
model fits very well in the family of IRT-models to be discussed in Appendix G. But since the model
and the techniques to carry out the analyses are so wide-spread (as well as alot of misunderstandings
about them), a separate, though short appendix is devoted to F.A.

The basic observation from which F.A. originated is the non-zero (but aso not perfect) correlation
between several measures that belong to some broad domain, like cognitive tests. F.A. isamodel
which explains the pattern of correlations that issues from observations in testing (or other
measurements). Basically it says that since the correlations are not zero, the measurements must have
something in common, and, since the correlations are not perfect either, the measurements must have
also something unique. Thisisthe genera idea, which will be made more concrete next.

The common thing that tests shareis called afactor (or, asthe case may be, severa factors). A factor
is conceived as a non-observable (or latent) continuous variable, and every person taking the test can
be represented by avalue on this variable, called afactor score. If there are more factors, every person
has afactor score on each factor. The ‘ unique thing’ can also be conceived of as afactor, where the
person aso has a score. The observed score on atest is conceived of as aweighted sum of the factor
scores, including the unique factor. In Table F.1 an example is provided with three tests and two
common factors (The notion of ‘common’ factors is explained by means of the table)

Table F.1. The basic model of Factor Analysis

weights for
factor 1 factor 2
test 1 0.4 0.2
test 2 0 0.7
test 3 0.7 -0.3

Suppose John' s factor scores on the two factors are +1.2 and 0.8, respectively. Then the model says
that John's observed scoreon test 1is 0.4x1.2+0.2 x0.8 +his score on the unique factor for test 1.
But we know from Classical Test Theory that the observed score also contains a measurement error.
Therefore we have to conceive the score on the unique factor as a mixture of something systematic
(but unique to the test) and the measurement error. But these two are confounded and cannot (with the
three tests at hand) be disentangled. The other two factors are called common factors, because for each
factor there exist at least two different tests with a non-zero weight for that factor. These weights are
called factor loadings, and the main purpose of Factor Analysis (as atechnique) is to determine these
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weights. All one needsto carrying out such an analysisisthe table of correlations (or covariancebq
between the tests.

The discussion in the present section will be restricted to points which are essential in the

interpretation of factor anaytical results.

1. Uniquefactors. Suppose that in the preceding example, test 1 isareading test, test 2 isawriting
test and test 3 isalistening test. Suppose further that the reading test contains alot of items (or
text passages) on history, while the other two tests have nothing to do with history. Suppose,
finaly, that John is particularly good at history, such that his score ontest 1 is determined to a
considerable extent by his knowledge of history, while Mary isnot very good at history, such that
her knowledge in that domain will not be of much help in answering the questions of the reading
test. This makes clear that knowledge of history will account for some variability in the test scores
of test 1. But since the other two tests have nothing to do with history, ‘knowledge of history’ is
unique for test 1, and cannot appear as a common factor. If we add a fourth test to the collection (a
history test, for example), then there will be two tests which have history as a common factor, and
thiswill show up in the analysis, and we might end up with three common factors, where the third
factor has loadings of zero for tests 2 and 3, but non-zero loadings for test 1 and the added history
test. More generally this means that unique factors are to be considered relative to the collection of
testsincluded in the analysis.

2. Origin and unit. Suppose the factor scores on factor 1 for all people are multiplied by 2, and at
the same time the factor loadings in column 1 are divided by 2, then the product of the
transformed factor scores and the transformed weights would not change. Multiplying the scores
by 2 is choosing another unit of measurement (if one owns 1000 euros, one aso owns 2000 * half-
euros ). The unit of measurement isin principle free (arbitrary), but to make communication
possible, the unit used must be specified. It is common practice to choose the standard deviation of
the factor scores as unit, or in other words, the standard deviation (in the population) of the factor
scores is one. With asimilar reasoning, one can choose the origin of the scale in an arbitrary way.
It is common practice to choose the average factor score (in the population) as origin. Therefore, it
isacommon convention (and not a metaphysical truth) to say that factors have amean of zero and
astandard deviation of one. (Notice that thisis not the same as saying that the factor scores are
normally distributed.)

3. Correlationsand covariances. Factor analysis can be carried out on tables (matrices) of
correlations and on tables of covariances. A covariance (between two variables) isameasure of
covariation (meaning literally: varying together). Its value depends on the unit of measurement
used for the two variables. A correlation isakind of standardized measure of covariation and
varies between —1 and +1. If the correlation matrix is used for afactor analysis (as we will assume
in the sequel), then the factor loadings cannot be larger than one in absolute value.

4. Orthogonal factors. The indeterminacy of what are called factors is more complicated than only
the freedom in the choice of the unit and the origin. Also the correlationa structure of the factors
in the population is arbitrary (not completely, but to alarge degree). For example, if there are two
common factors, they can always be defined in such away that the correlation between the factor
scores (in the population) has an arbitrary value (different from —1 and +1). But changing the
correlation will also lead to a change in the factor loadings. In many applications, the factors are
chosen in such away that their correlation is zero. Any pair of factors with zero correlation is
called orthogonal. Most software give factor loadings for orthogonal factors as their primary
output.

5. Communality. The sum of squares of the factor |oadings (on the common factors, and with
orthogonal factors) of a particular test is called the communality of that test. From Table F.1, we

see that the communality of test 3 equals 0.7% +(—0.3)> =0.58. The communality isthe
proportion of the test variance that is explained by the two factors. In this case 58% of the variance

! The covariance between two variables is the correlation multiplied by the product of the two standard
deviations. Or, conversely, the correlation is the covariance divided by the product of the two standard
deviations. If one of the standard deviations equal's zero, then the covariance is also zero, but the correlationis
not defined, because the division of zero by zero is not defined.
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is due to the two factors, and the complement (42%) is explained by the unique factor, part of
which (but unknown) is due to measurement error. Thus we see that from F.A. we get another
lower bound for the reliability of the test: the reliability is at least aslarge as (but may be larger
than) the communality. As can be deduced from the discussion on unique factors, this lower bound
may change as more or other tests are analyzed jointly in aF.A.

Contribution of factors. One may also take the sum of the squared loadings for a particular factor
acrossthetests. Thissum is called the contribution of that factor (to the total variance). In Table

F.1 the contribution of the first factor is 0.4 + 0% + 0.7 =0.65. The contribution of the second
factor is 0.62. Their sum (0.65+0.62=1.27) can be compared to the total variance which isthe
number of tests, in the present case 3 (Since we use correlations, each variable has been
standardized, and thus has a variance equal to one). So, in the example we see that about 42%
(100%1.27/ 3) of the total variance is explained by the two common factors. The remaining part
is due to the unique factors. Most techniques of factor analysis determine the factors in such away
that the first factor explains as much variance as possible, the second factor then explains as much
variance of the variance not explained by the first factor, etc. The technical term used for the
determination of factorsis extraction of factors. Notice that this way of extracting factorsisjust a
mathematical procedure; it doesin no way justify any substantive meaning or interpretation
whatsoever to be attached to these factors. We will come back to this paint.

Reproduced correlations. If we have the factor loadings, we can reproduce the correlation matrix
from them. The reproduced correlation between two testsis the sum (over factors) of the products
of the factor loadings of the two tests. From Table F.1 we can compute that the correlation
between test 1 and test 3is 0.4x0.7 +0.2 x(-0.3) =0.22. Factor analysis as a technique does

the reverse in some sense: from the correlations it has to compute the factor loadings. This reverse
operation (which is mathematically not smple), however, is not well defined, because there does
not exist a unique solution but infinitely many of them, even if we require that the factors are
standardized and mutually orthogonal. Thisis explained next.

Orthogonal rotation. The factor loadings of Table F.1 are displayed graphically (as pointsin a
plane) in the left hand panel of Figure F.1: the loading on the first factor corresponds to the x-
value of the point, the loading on the second factor to the y-value. The points representing tests 1
and 3 are connected to the origin by a dashed line. Although the reproduced correlation was
computed as aformulainvolving the loadings, it can also be computed from the distances of the
points to the origin (the length of the dashed lines) and the angle between the dashed lines. Now
imagine that the points representing the tests are fixed on the paper surface, but that the axes of the
system lie loosely on the paper surface, fixed at the origin, such that they can rotate. In the middle
panel of the figure thisis shown by the dashed lines: both axes are rotated 45 degrees clockwise.
In the right hand panel then, the old axes are removed, the new (rotated) ones are displayed as
solid lines now, and the whole picture is turned such that one axisis horizontal and the other
vertical. Notice that the pattern of dashed lines connecting the two test points to the origin has not
changed: the dashed lines have the same length as in the first case, and they form the same angle.
But the values of the x- and y-coordinates have changed. Their values are given in Table F.2,
together with the old ones. It can be checked easily that the reproduced correlation from either
solution areidentical. Of course, we could have rotated the original axes an arbitrary number of
degrees, each rotation giving a different solution, and thereis no best solution, because they are all
equivalent.

1 1 4

Figure F.1. Orthogonal rotation
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Table F.2. Factor loadings before and after rotation

before rotation after rotation
factor 1 factor2 factor1l factor2
test 1 0.4 0.2 0.141 0.424
test 2 0 0.7 -0.495 0.495
test 3 0.7 -0.3 0.707 0.283

I nter pretation. Suppose the tests used in a single factor analysis consist of four reading tests and
four listening tests. Suppose further that we can find arotation such that the four reading tests
have a positive loading on the first factor and a zero loading on the second factor, while the
reverse holds for the listening tests. Then we could say (but thisis asummary of our finding) that
thefirst factor isa‘reading factor’ and the second a‘listening’ factor. This means that we can
describe the covariation between eight original variables by a more parsimonious
conceptualization which involves only two concepts. It does not follow, however, that there ‘ must’
exist ‘something real’ (like abrain center) which is responsible for reading and another something
which isresponsible for listening. Conclusions like these are called reification, and they are not
logically allowed: maybe there do exist such brain centers, but their existence does not follow
from afactor analysis.

Statistics and the number of factors. All that has been said up to now isrelated to an analysis of
acorrelation matrix asit existsin the population. But the only thing one can analyze in practiceis
acorrelation matrix computed on the data of a sample (usually the calibration sample). Therefore
the correlations in the matrix are estimates of the population correlations, and the factor loadings
will also be estimates of the population factor loadings. This all may sound quite familiar by now,
but there is an extra (and quite difficult problem) associated with F.A. Suppose the population
correlation matrix for 10 variables can be reproduced completely (i.e., without any error) with two
factors. Then the matrix of estimated correlations will very likely not be reproduced with two
factors. In general more factors will be needed, and in many cases the number of factors will be
equal to the number of variables. Thisis caused by the estimation errorsin the sample correlations.
Usually one will not use as many factors as there are variables, but if we do not know the exact
number of factors required for the reproduction of the population matrix (and usually we do not
know), we have to guessit. There exist some mathematical criteriato help in this guessing but
none is fool proof.

Exploratory and confirmatory F.A. Origindly, F.A. was devel oped as an exploratory technique.
A collection of testsisfactor analyzed ‘to see’ the factorial structure. Much effort has been
devoted to develop special rotation techniques which might be helpful in the interpretation of the
factors. The best known, and still frequently used method of rotation isthe varimax rotation. It is
available in most statistical packages. The big problem with exploratory factor analysisisthat itis
quite difficult to determine the ‘real’ number of factors. (This number must be specified by the
user in carrying out the analysis.) In the 1970’ s statistical theories were developed where one can
impose a prespecified structure on the factor loadings as a hypothesis. Here is an example:
suppose the test constructor wants to factor analyze jointly four reading tests and four listening
tests, and he has the hypothesis that reading and listening should be conceived of as two distinct
proficiencies. This hypothesis can be trandated in a partia fixing of the table of factor loadings,
by requiring that the reading tests have aloading of zero on the first factor (so this factor
represents the ‘listening factor’), while the listening tests have zero loadings on the second factor.
So, eight of the sixteen cells of the table of factor loadings are filled already with numbers issuing
from the hypothesis. With the software for confirmatory F.A. the non-specified loadings are
estimated, but things are allittle bit more complicated now: the researcher also hasto specify if he
thinks that these two factors are orthogonal (i.e., uncorrelated) or not. In the latter case, the
software al so estimates the correlation (in the population) between the two factors. But it does
more: it performs a statistical test that can be used to decide whether the hypothesis put forward is
tenable or not. In general the use of such modelsis not a simple matter, and special training is
strongly advised.

When testsareitems. Thereis no objection in principle to use one-item tests to carry out aF.A.
So, one can use the items of atest under construction as one-item tests, compute the correlations
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between the items on the calibration sample and submit it to a computer program for factor
analysis. There are, however, anumber of problems associated with this approach. Three of them
are discussed briefly.

a. Sincefactors are conceived of as continuous variables, any weighted sum of factor scores
(and the observed scoreis such aweighted sum) is also continuous. If the tests are items,
and their score can assume only the values 0 and 1, this leads to an inconsistency which
usually shows up in the following way. If the correl ations between the items are computed
using the usual Pearson correlation coefficient (also called ¢-coefficient), F.A. will
usually find (too) many factors which are hard to interpret. Thereforeit is strongly advised
to use tetrachoric correlations, which are based on the assumption that a binary variableis
theresult of a dichotomisation of an underlying continuous variable. Thereis no ssimple
formulato compute these correlations but they can be computed with many software
packages.

b. Tetrachoric correlations have relatively large standard errors. If the sample sizeis small,
this may lead to a difficult decision as how to choose the correct number of factors and to
large standard errors of the factor loadings, complicating the interpretation of the extracted
factors.

C. Thereexist many mathematical methodsto do aF.A. Most of them require that the
correlation matrix to be analyzed has a special mathematical characteristic called ‘positive
semi-definiteness’. A matrix of tetrachoric correlations often does not possess this
characteristic, so that the operation of extracting factors will fail. There are two methods
that do not require this characteristic, the so-called MINRES method and Principal Axes
method. One should choose one of these in carrying out an exploratory analysis, because
other methods will fail if the matrix is not positive semi-definite. Confirmatory analyses
will fail in such acase.

13. The case of a singlecommon factor. If thereis only one common factor (in the population), one
might conclude that thisisa‘proof’ of unidimensionality, which makes the operation of
summarizing the test performance by a single number meaningful. One should be very careful
with such reasoning: a one-common-factor caseis better interpreted as a necessary, and not a
sufficient requirement. Thisisillustrated with a small example. Suppose aF.A. iscarried out on
three reading tests, where questions are asked on text passages. In the first test, the passages are on
art, in the second on technology and in the third one on sports. The |oadings on the common factor
are 0.72, 0.70 and 0.40 respectively. Here are some comments:

a. Sometimes comments are heard like this one: “The performance on (my) reading tests are
governed by asingle proficiency irrespective of the content of the text passages; the fact
that thereis only one factor ‘proves’ that the tests measure reading ability and nothing
else.” Such reasoning, however, isafallacy: it may be the case that the scores on the three
tests are (partly) determined by specific knowledge of arts, technique and sports. If the
amounts of knowledge in these three domains are not correlated in the popul ation, their
effect will be absorbed into the unique factors and cannot be distinguished from
measurement error. So the only way to know is to add another three testsin the same
domains. In that case, the systematic effect of the specific domain knowledge will show
up as three common factors. Thisis an example of performing a thorough validation of a
test, even without the technical tool of confirmatory F.A.

b. The example aso gives a nice opportunity to help in the interpretation of the factor
loadings. In principle, factor loadings have nothing to do with the difficulty of the tests
that are analyzed, but they areindices of discrimination. It can be shown mathematically
that afactor loading isthe correlation between the test score and the common factor. Soin
the example considered, the tests on arts and technology correlate substantially higher
with the common factor than the test on sports. If the tests used in the F.A. aresingle
items, the same principle applies: the factor loadings express the correl ations between the
items and the underlying factor, and can thus be used instead of the correlation between
items and test score as a measure of discrimination.

c. The problems associated with factor analysis on items are hard and in the literature no
completely satisfactory solution to handle them is available in the framework of factor
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analysis, i.e., in the approach which takes the correlation matrix between the items as the
basic datato be analyzed. In a sense, students of factor analysistend to consider F.A. on
binary variables as akind of nuisance. Thereis, however, adifferent approach possible
which puts the binary character of the variablesto be analyzed at the center of the
approach. This approach is known as Item Response Theory (which developed historically
quite independently from factor analysis). It is discussed in Section G.

Section F: Factor Analysis, page 6



